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On the Convergence
of Unsteady Generalized Aerodynamic Forces

WilliamS Rowe*
Boeing Commercial Airplaine Company, Renton, Washington

and
Herbert J Cunninghamt

NASA Langley Research Center, Hampton, Virginia

Generalized aerodynamic forces computed from analyses based on distributed pressures and finite paneling
procedures are examined for solution convergence The necessity for examining the convergence of calculated
forces as a function of the number of assumed pressure terms or the number of panels is well demonstrated The
lifting series method converges abruptly, whereas panel methods converge gradually and monotonically for the
cases analyzed An increase in wave number with increasing frequency or Mach number may cause increased
computational problems coupled with increased computer usage costs With the panel methods, increase in
prediction accuracy is obtained with moderate computer costs by extrapolating through the force results of two
different not so fine panelings

Nomenclature
AR = aspect ratio
AC^ = lifting pressure coefficient
C = chord length
k = reduced frequency co£/V
I = reference length root half chord
M = Mach number
N = number of panels chordwise
s = semispan length
q - dynamic pressure
V = freestream velocity (length/time)
x = local chordwise coordinate measured from leading

edge
y - spanwise coordinate measured from midspan
</>£ = phase angle of lift vector
4>m = phase angle of moment vector
com = circular frequency

ensure more consistent predictions of generalized forces A
factor masking the reasons for variations in predictions is that
the user works with generalized forces in performing stability
analyses, and the characteristics of the pressure distributions
are not visible The wavy character of the oscillatory pressure
distributions is not usually displayed to alert the user to
possible problems of mathematical modeling Consequently
the user may not appreciate the difficulties encountered in
solutions using large values of k and M where the chordwise
pressures tend to become extremely wavy and more difficult
to predict accurately Characteristics of chordwise pressure
distributions change rapidly as the Mach number approaches
1 0 as indicated in Fig 1 The composite plot of Fig 1
represents chordwise pressure distributions calculated for
several Mach numbers with £=10 Each distribution
represents chordwise pressures at the midspan station of a
rectangular wing due to plunging oscillation The increase in
waviness is evident even though the k value is constant

Introduction

NUMERICAL methods15 for predicting generalized
unsteady aerodynamic forces usually do not provide

identical results These methods fail to agree exactly even for
simple planar wing motions and results are often markedly
different for control surface motions Doubts may arise
concerning the validity of using any of these methods in a
complex and lengthy flutter investigation Experimental
methods are rarely available to verify accuracy of predicted
generalized forces for complex configurations, and the flutter
analyst must rely on calculated results Convergence criteria
generally are not available to enable the user to obtain the best
results from a particular method

Some of the problems contributing to differences in the
solutions will now be identified and procedures established to
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x/C/ 1 0

ref length = 1 0

Fig 1 Chordwise distribution of pressures calculated for several
Mach numbers at midspan of rectangular wing due to plunging
motion at k = 1 0
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Frequency of motion o> is changing in proportion to the
change in Mach number (k and speed of sound are constant)
Some of the waviness can be attributed to the change in
frequency However, it can be shown that part of the waviness
is also caused by the forward propagation of waves generated
at the trailing edge The wave number (radians/reference
length) associated with these forward traveling waves has been
modified from that of Edwards6 and is given as:

Wave Number = M
1-M

C
2

(radians/semichord length)

The wave number is a useful parameter for assessing the
waviness of pressure distributions and estimating relative
difficulties in predicting converged values of generalized
forces Effects of wave number on mathematical modeling
requirements are investigated in the following sections that
present comparisons of generalized forces calculated for
several wave number conditions Also an analysis technique
is investigated for enhancing prediction accuracy of present
theoretical methods with lessened computer cost

Computer Programs Used in Comparisons
Computer programs used in developing comparisons of

theoretical generalized forces are:

1) RHOIV an assumed distributed pressure mode kernel
function method (Refs 1 and 2)

2) SOUSSA PI 1 a velocity potential panel method (Refs
3 and 4)

3) Doublet Lattice an acceleration potential panel method
(Ref 5)

RHOIV is used as a standard of reference in the following
generalized force comparisons Use of RHOIV as a standard
of reference must first be justified over an applicable range of
wave numbers Validation is established for small wave
number cases by providing comparisons of theoretical
predictions and experimental data Validation is ac
complished for large wave number cases (where experimental
data are not available) by comparing RHOIV results with
other theoretical predictions that are known to be accurate

RHOIV Validation
Small Wave Number Validation Results

RHOIV is first validated for steady flow (zero wave
number) by comparison with experimental results for a
tapered sweptback wing with full span trailing edge flap
(Ref 7) The planform has a quarter chord sweep angle of 35
deg taper ratio of 0 5 aspect ratio of 4 5 and semispan of
0 965 m The flap chord is 27 5% of the wing chord Chord
wise values of ACp were measured by a single row of pressure

1 6

AC

Hinge line

orifices at mid semispan (y/s = 05) The longitudinal junction
between wing and flap was sealed to prevent flow leakage
between upper and lower surfaces The sealed gap satisfies the
boundary conditions used in the mathematical representation
of the physical model thus eliminating a common source of
uncertainty in oscillatory pressure measurements involving
control surfaces

Numerical investigations to determine the number of
pressure terms required in kernel function analysis indicated
that convergence can be achieved with six spanwise and five
chordwise pressure terms It was found that boundary
condition modifications of the type discussed in Ref 8 are
needed to account for local variations in streamwise velocities
due to thickness effects

Comparisons of theoretical and experimental results shown
in Fig 2 for steady flow conditions (zero wave number) in
dicate that experimental results are predicted within very close
tolerances even in the vicinity of the hingeline

Theoretical comparisons for another zero wave number
condition but at a high subsonic Mach number are presented
for the configuration shown in Fig 3 Experimental studies of
this configuration were conducted as part of an investigation
of active flutter suppression Experimental results are
presented in Refs 9 and 10

Figure 3 also presents some convergence results for the
wing with control configuration of Refs 9 and 10 These
results are for k = Q the zero wave number limit The con
vergence study was accomplished for M=0 9 and shows wing
lift due to control deflection as a function of the number of
chordwise pressure terms for both nine and 13 downwash
chords Clearly the lift is converged for five or more terms
chordwise and the results for nine and 13 chords are virtually
identical Figure 4 shows hinge moment coefficients as
functions of Mach number for seven chordwise pressure
terms and nine and 13 downwash chords Hinge moment
coefficients (the open symbols) were obtained with no effect
of airfoil thickness in RHOIV and the nine and 13 chord
results are essentially identical

The solid triangles for 13 downwash chords were calculated
by applying the optional provision for using the streamwise
velocity component profile over the wing chord that is due
solely to the airfoil thickness distributions The resulting
agreement of the solid triangles and the solid curve from the
experimental data of Ref 10 is very good for M up to 0 9

For small nonzero wave number RHOIV is validated
against experimental results obtained by Forsching11 for a
constant chord sweptback wing with two partial span trailing
edge flaps The planform has a leading edge sweep angle of 25

—D— 9 downwash chords
--O-- 13 downwash chords

**-«. "tf o*j O Z

I

Fig 2 Theoretical and experimental pressures due to flap deflection;
a=10deg A/=021

1 5 6 7 8
Number of Chordwise Pressure Terms

Fig 3 Convergence check of RHOIV predictions of total lift due to
control surface rotation for M= 0 90 and k - 0
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Fig 5 In phase part of chordwise pressures due to motions of outer
f!ap;* = 0372,M=015

deg chord of 0 60 m and semispan of 0 88 m The flap chords
are 30% of the wing chord; the inboard flap extends from
y/s = Q to y/s = Q 466 and the outboard flap from y/s = Q 466
( + a gap) to y/s=lO Chordwise values of ACp were
measured by pressure orifices at five spanwise stations Gaps
between the wing and the flaps were not sealed Although the
configuration was tested for various combinations of wing
and control surface rotations we present the results obtained
for motions of the outer control surface only (inner control
surface and wing maintained in a stationary position)

Preliminary convergence studies indicate that a minimum
of nine spanwise and five chordwise pressure terms are
required together with boundary condition modifications for
thickness effects (Ref 8)

Comparisons of theoretical and experimental results shown
in Fig 5 indicate that good agreement is obtained in all
regions except the immediate vicinity of the hingeline where
open gap boundary conditions are not accounted for in the
theoretical analysis

Validation for Large Wave Numbers
Experimental data are not available for the evaluation of

analytical predictions for large wave numbers Therefore in
order to achieve consistency of results from different methods
of analysis for large wave number conditions it is worthwhile
to compare results obtained using two different prediction
techniques for a common configuration

, 10) terms
RHOIV
AR = 20

Fig 7 Comparison of thoretical predictions of pressures due to
pitching about the leading edge at k = 0 9 and M= 0 9; wave num
ber = 8 1

Centerline pressures for a high aspect ratio wing predicted
by RHOIV are compared with two dimensional pressures
from a program that is known to be accurate The two
dimensional program developed at NASA Langley Research
Center (LRC) (Ref 12) applies collocation procedures to
solve Possio s integral equation and uses 128 collocation
stations in its solution

Extremely large values of k and M not normally en
countered in flutter analyses, were used to assess the accuracy
of theoretical predictions for cases involving large wave
numbers A study was conducted to determine the minimum
aspect ratio and minimum number of assumed pressure
modes necessary to approximate two dimensional flow
conditions closely at the centerline of a rectangular wing that
is pitching about the leading edge at M= 0 9 and k = 0 9 For a
given aspect ratio (Fig 6) the minimum number of spanwise
and chordwise pressure terms are determined to achieve
convergence for that particular aspect ratio Converged
centerline pressures are then compared to two dimensional
pressures (from NASA LRC) to determine whether the aspect
ratio is large enough to provide two dimensional charac
teristics at the centerline of the planform

If the predicted pressures fail to correlate closely with the
two dimensional pressures the study is repeated for a larger
aspect ratio
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Fig 8 Real part of midspan pressures on rectangular planforms
caused by pitching about the trailing edge for several wave numbers
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Fig 9 Comparison of vectors of generalized forces predicted by
RHOIV and SOUSSA on a rectangular wing of AR = 2 pitching
about the trailing edge at k = 0 5, M= 0 7, wave number = 1 17
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Table 1 Chordwise pressure terms required for convergence for lift
and moment calculations (pressure terms/chord)

AR

2
2
4
4

k

0 5
03
0 3
06

M

07
09
09
09

WN

1 17
2 7
2 7
5 4

Lift

3
4
6
8

Moment

4
5
7
9

Results of the study indicate that two dimensional flows are
developed at the centerline of a rectangular wing of AR>20
Accurate predictions require 14 spanwise and 10 chordwise
pressure terms in the three dimensional simulation of two
dimensional flows as indicated by Figs 6 and 7

The foregoing has demonstrated that RHOIV does provide
accurate predictions of generalized forces over a large range
of wave numbers Consequently RHOIV will be used as a
standard of reference in the following comparisons of
generalized forces calculated by two distinctly different panel
methods

Generalized Forces of Panel Methods
Generalized force calculations are presented for several

wave number cases to assess convergence characteristics of
finite panel methods For brevity only the final converged
RHOIV results will be presented in the comparisons

Planar Lifting Surface Comparisons
Generalized force calculations are given for two simple

rectangular planforms and a rectangular wing control surface
configuration

The analysis parameters for the cases investigated are:

(1) AR = 2 k = Q5 M= 0 7 (wave number =1 17)

(2) AR = 2 k = 0 3 M= 0 9 (wave number = 2 7)

(3) AR = 4, k = 0 3 M= 0 9 (wave number = 27)

(4) AR = 4 k = 0 6 M= 0 9 (wave number = 54)

Figure 8 represents converged chordwise pressures of
RHOIV that are calculated for the midspan station of the
rectangular planforms that are oscillating in pitch about the
trailing edge for the reduced frequencies and Mach numbers
defined above The term Wave Number is abbreviated as WN
in Fig 8

The pressures become more oscillatory with increasing
wave number and it is self evident that the number of
chordwise terms must be increased for increasing wave
number in order to satisfy accuracy requirements

A summary of the number of chordwise pressure terms
required for convergence for lift and moment calculations is
given in Table 1

Theoretical comparisons between the converged RHOIV
solutions and the two previously mentioned panel methods
are now presented for the above analysis cases

The first comparison developed is for a rectangular wing of
AR = 2 that is pitching about the trailing edge at M=0 7 and
k = Q 5 Generalized force vectors obtained from SOUSSA
PI 1 are shown in Fig 9 for several paneling arrangements
Each paneling arrangement provided equal numbers of
spanwise and chordwise subdivisions Spanwise panel lengths
vary according to a cosine distribution; chordwise lengths are
equal

SOUSSA predictions appear to be approaching con
vergence with increasing density of chordwise panels with lift
predictions tending to be more accurate than moment
predictions



424 W S ROWEANDH J CUNNINGHAM J AIRCRAFT

<D
U

$-
CD

-10

-20

-30

Re(General!zed Force/q)
10. 20. 30 40 50

Doublet Lattice
Boxes/Chord —7-

4
8

12
17Lift/ra>i|an

34 75, -15.04

Moment/radian
38 82, -37 28
RHOIV

Fig 11 Comparison of generalized force vectors predicted by
RHOIV and Doublet Lattice on a rectangular wing of ^4/? = 4,
pitching about the trailing edge at & = 0 3 A/=09, wave num
ber = 2 7

8 Terms required
for Convergence
RHOIV

Doublet Lattice
14 Boxes/Chord

1 0

-2

Fig 13 Real part of pressures near midspan of an AR = 4 wing for
& = 0 6 a n d M = 0 9

o>
o
o

-a
<U
N

J-
O)
c
O)

CD

-10

•5 -20

~ -30

-40

Re(Generalized Force/q)
10 20 30 40

RHOIV
Lsjft/radian
3202,-16 50

ref length = 1 0

RHOIV
Moment/radian
28 43, -36 63

Fig 12 Comparison of generalized force vectors predicted by
RHOIV and Doublet Lattice on a rectangular wing of AR = 4
pitching about the trailing edge at & = 06 M = 0 9 wave num

10. r-

Doublet Lattice
22 Boxes/Chord

per
radian

Wave Number = 54
ref length = 1 0

I i I
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In the next case the aspect ratio is maintained at AR = 2 but
a change in wave number (from 1 17 to 2 7) causes a distinct
bulge in the pressures to appear in the midchord region (Fig
8) This change in the pressure distribution requires an in
crease in the number of chordwise panels in order to maintain
the same accuracy

Generalized force vectors from SOUSSA for this case
shown in Fig 10 are further displaced from the converged
values than noted for the previous case That is the phase
error for the 14 panel arrangement is about the same as the
phase error of the ten panel arrangement of the previous
comparison

The next comparison involves only a change in planform
aspect ratio while maintaining the wave number at 2 7
Centerline pressures obtained for an AR = 4 planform (Fig 8)
are dramatically different than those predicted for the wing of
AR = 2 Increased complexity of the pressure distribution in
the midchord region requires even more RHOIV assumed
pressure modes to satisfy convergence This illustrates the

point that convergence is dependent upon planform shape as
well as the value of the wave number

Figure 11 shows generalized force vectors predicted by
Doublet Lattice for the AR = 4 planform and a wave num
ber = 2 7 In Doublet Lattice paneling all panels were
required to be of equal size (in any one arrangement) with
local panel aspect ratio never exceeding a value of 1 5
Comparison of Fig 11 with Fig 10 indicates that convergence
appears to be faster for the Doublet Lattice method than for
SOUSSA

The final comparison for simple planforms is presented to
evaluate convergence for k = Q 6 the highest k value that can
be used with confidence in linearized theoretical predictions
(Ref 13)

Generalized force vectors shown in Fig 12 for a rectangular
wing of AR = 4 and wave number = 5 4 appear to be con
verging with increasing density of chordwise panels
However convergence is proceeding at an ever diminishing
rate A maximum of 14 panels per chord was used in the
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analysis because of program limitations on the total number
of panels that may be distributed over the lifting surface

A comparison of pressures calculated by RHOIV and
Doublet Lattice for this case is shown in Fig 13 The Doublet
Lattice pressure distribution for 14 boxes/chord does appear
to be approaching convergence However the comparison
does not establish whether the Doublet Lattice pressures are
approaching the converged RHOIV solution or are con
verging to some other distribution

It is evident that in order to evaluate the convergence
process the chordwise panel density must be increased For
this purpose the aspect ratio is changed from AR = 4 to
AR = 2 to reduce the number of spanwise panels for an in
crease in chordwise density while maintaining the same
program limit for total number of panels

The pressure comparison of Fig 14 indicates that the
Doublet Lattice predictions are approaching the same limit
given by RHOIV It is speculated that almost identical results
could be achieved if the Doublet Lattice paneling density were
increased even further

Hinge Moment Comparisons
Hinge moment comparisons are provided for the con

figuration sketched on Fig 15 for A: = 0 6 and M=0 9 The

selected k value represents the largest usable value compatible
with linearized assumptions (Ref 13) Results of RHOIV
convergence studies shown in Fig 15 indicate that ten
chordwise pressure terms are sufficient to satisfy accuracy
requirements

Comparison of hinge moment vectors are shown in Fig 16
for several Doublet Lattice paneling arrangements The first
number associated with Doublet Lattice solutions represents
the total number of panels on each chordwise segment The
second bracketed number is the number of chordwise panels
on the control surface The third number represents the total
computer usage costs given by the acronym CRUS

Results of the above comparisons indicate that finite
paneling methods will provide the same prediction accuracy as
the distributed pressure kernel function approach provided
the number of chordwise panels is allowed to increase suf
ficiently However due to budget constraints and program
limitations this may never be achieved by present procedures
Thus we seek to define extrapolation procedures to estimate
converged values for reasonable computer usage costs

Extrapolation-to-Convergence
Figure 17 shows a comparison of predictions for the

aerodynamic moment developed on a rectangular wing of
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AR = 2 that is pitching about its midchord at M=0 9 for an
extreme value of reduced frequency k = 1 0 The Doublet
Lattice predictions appear to be approaching convergence but
at an ever diminishing rate Consideration of the locus of
Doublet Lattice predictions shows that the radius of curvature
appears to be approaching oo for very large values of N This
suggests that a linear representation would suffice for large N
if the abscissa were changed to I/TV

Such is the case as in Fig 18 where it is shown that the
generalized forces lie almost on a straight line for 7V>10
Adjacent line segments through the data points have slightly
different slopes but these differences in slopes rapidly ap
proach zero as N becomes large Using a straight line ex
trapolation through points for N= 10 and 12 produces a pitch
moment value of - 0 072 which compares favorably with the
result of RHOIV

An extrapolation of hinge moment values of Fig 16 is
shown in Fig 19 Straight line extrapolation of predictions

based on N=9 and 12 provides a result that closely ap
proximates the converged RHOIV result Total computer
usage costs incurred for the two analyses is 48 CRUS which is
almost identical to that of RHOIV 47 CRUS

Extrapolation of Fig 10 SOUSSA predictions shown in
Fig 20 indicate that more accurate predictions are also at
tainable by extrapolation for this paneling method.

Conclusions
Comparisons of predicted generalized forces indicate that

convergence becomes increasingly difficult to attain with
increasing wave number Generalized forces predicted by
three theoretical methods are essentially equivalent, provided
that sufficient density in chordwise paneling is provided in the
paneling arrangements

It is suggested that a preliminary convergence study be
performed prior to any extensive flutter analysis by
calculating generalized forces for the most complicated
camber bending mode shape and using the largest analysis
wave number The generalized forces should be plotted
against the number of assumed pressure modes for the
distributed pressure kernel function method, to determine
requirements for convergence Converged generalized forces
for subsequent flutter analyses are then obtained for all lesser
wave numbers by using the minimum number of pressure
terms that satisfy convergence requirements for the largest
wave number and most complicated mode shape For the
paneling methods the generalized forces are calculated for
different panel densities and plotted against I/TV (inverse of
number of chordwise panels) Paneling arrangements should
provide a number of chordwise panels sufficient to ensure
that predicted generalized forces will be contained in the
region where linear variation with l/7Vis attained Accuracy
and cost estimations are made for extrapolating forces to
1/W—O to provide a basis for selecting the most appropriate
combination Once two paneling arrangements have been
selected generalized forces are calculated for each
arrangement (for all lesser wave numbers) and extrapolation
procedures applied to attain convergence for each member of
the generalized force matrix used in the flutter analysis
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